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Overview
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Tensor! (Optional part 
of this course)



❑ Machine Learning training requires one to evaluate how 
one vector changes with respect to another

❑ How output changes with respect to parameters

❑ How do we find minimum of a scalar function?

❑ How do we find minimum of two variables?

Motivation
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❑ Derivative of a vector-valued function 𝑓:ℝ → ℝ𝑛 with respect to scalar x ∈ ℝ:

Vector-Valued Function
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Example

𝑓 𝑥 =
sin(𝑥)
𝑐𝑜𝑠(𝑥)

𝑓1(𝑥) 𝑓2(𝑥)

𝒙𝟎 𝒙𝟎

𝜕𝑓(𝑥)

𝜕𝒙
≜

𝜕𝑓1(𝑥)

𝜕𝑥
𝜕𝑓2(𝑥)

𝜕𝑥
⋮

𝜕𝑓𝑛(𝑥)

𝜕𝑥
𝑓 𝑥 ≈ 𝑓 𝑥0 +𝑚 𝑥 − 𝑥0 𝑚 =

𝑓1
′(𝑥0)
. .

𝑓𝑛
′(𝑥0)

𝒙



Vector-Valued Function
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Vector-Valued Function
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❑ Derivative of a matrix-valued function 𝑓:ℝ → ℝ𝑚×𝑛 with respect to scalar x ∈ ℝ:

Matrix-Valued Function
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𝜕𝑓(𝑥)

𝜕𝑥
≜

𝜕𝑓11(𝑥)

𝜕𝑥

𝜕𝑓12(𝑥)

𝜕𝑥
⋯

𝜕𝑓1𝑛(𝑥)

𝜕𝑥
𝜕𝑓21(𝑥)

𝜕𝑥

𝜕𝑓22(𝑥)

𝜕𝑥
⋯

𝜕𝑓2𝑛(𝑥)

𝜕𝑥
⋮ ⋮ ⋱ ⋮

𝜕𝑓𝑚1(𝑥)

𝜕𝑥

𝜕𝑓𝑚2(𝑥)

𝜕𝑥
⋯

𝜕𝑓𝑚𝑛(𝑥)

𝜕𝑥

Example

❑ Rotation Matrix



❑ Derivative of a real-valued function 𝑓:ℝ𝑛 → ℝ with respect to vector 𝐱 ∈ ℝ𝑛:

❑ Gradient

Real-Valued Multivariant Function
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𝜕𝑓(𝒙)

𝜕𝒙
≜

𝜕𝑓(𝒙)

𝜕𝑥1

𝜕𝑓(𝒙)

𝜕𝑥2
…

𝜕𝑓(𝒙)

𝜕𝑥𝑛

𝑓 𝑥 − 𝑓 𝑥0 = 𝑚𝑇 𝑥 − 𝑥0 𝑚 =
𝑓1
′(𝑥0)
. .

𝑓𝑛
′(𝑥0)



❑ https://www.khanacademy.org/math/multivariable-calculus/multivariable-
derivatives/partial-derivatives/v/partial-derivatives-and-graphs

❑ https://www.geogebra.org/m/bxhwxr2x

Directional Derivative
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Chain Rule
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❑

𝑑𝑌

𝑑𝑥
=

𝑑𝑌

𝑑𝑢

𝑑𝑢

𝑑𝑥
𝑥, 𝑢:scalars 𝑌: matrix

❑

𝑑𝑦

𝑑𝑋
=

𝑑𝑦

𝑑𝑢

𝑑𝑢

𝑑𝑋
y, 𝑢:scalars X: matrix

❑

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢

𝑑𝑢

𝑑𝑥
x,y, 𝑢: vectors 



❑ (𝑓 𝑥 𝑔 𝑥 )′ = 𝑓′ 𝑥 𝑔 𝑥 + 𝑓 𝑥 𝑔′(𝑥)

❑

𝜕(𝐴𝐵)

𝜕α
= 𝐴

𝜕(𝐵)

𝜕α
+

𝜕(𝐴)

𝜕α
𝐵 if A and B be matrices which elements are function of scalar α

❑

𝜕(𝑥𝑇𝑦)

𝜕𝑧
= 𝑥𝑇

𝜕(𝑦)

𝜕𝑧
+ 𝑦𝑇

𝜕(𝑥)

𝜕𝑧
if x and y be vectors which elements are function of vector z

Product Rule
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Example

❑ 𝑓, 𝑔:ℝ → ℝ𝑛 ℎ 𝑥 = 𝑓 𝑥 𝑇𝑔 𝑥 ℎ′ 𝑥 =?
❑ 𝑓:ℝ𝑛 → ℝ 𝑔:ℝ → ℝ ℎ 𝑥 = 𝑓 𝑥 𝑔 𝑥 ℎ′ 𝑥 =?
❑ H: ℝ → ℝ𝑚×𝑛, F: ℝ → ℝ𝑚×𝑝, G: ℝ → ℝ𝑝×𝑛 𝐻 𝑥 = 𝐹 𝑥 𝐺(𝑥)



❑ Derivative of a scalar function 𝑓:ℝ𝑁 → ℝ with respect to vector 𝐱 ∈ ℝ𝑁:

❑

𝜕𝑓(𝒙)

𝜕𝒙
≜

𝜕𝑓(𝒙)

𝜕𝑥1

𝜕𝑓(𝒙)

𝜕𝑥2
…

𝜕𝑓(𝒙)

𝜕𝑥𝑁

❑ Derivative of a vector function 𝑓:ℝ𝑁 → ℝ𝑀 with respect to vector 𝒙 ∈ ℝ𝑁:

❑

𝜕𝑓(𝒙)

𝜕𝒙
≜

𝜕𝑓1(𝒙)

𝜕𝑥1

𝜕𝑓1(𝒙)

𝜕𝑥2
⋯

𝜕𝑓1(𝒙)

𝜕𝑥𝑁
𝜕𝑓2(𝒙)

𝜕𝑥1

𝜕𝑓2(𝒙)

𝜕𝑥2
⋯

𝜕𝑓2(𝒙)

𝜕𝑥𝑁

⋮ ⋮ ⋱ ⋮
𝜕𝑓𝑀(𝒙)

𝜕𝑥1

𝜕𝑓𝑀(𝒙)

𝜕𝑥2
⋯

𝜕𝑓𝑀(𝒙)

𝜕𝑥𝑁

Motivation
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Definitions
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Definition

❑Derivative of a scalar function 𝑓:ℝ𝑀×𝑁 → ℝ with respect to matrix 𝑿 ∈ ℝ𝑀×𝑁:

𝜕𝑓(𝑿)

𝜕𝑿
≜

𝜕𝑓(𝑿)

𝜕𝑋1,1

𝜕𝑓(𝑿)

𝜕𝑋2,1
⋯

𝜕𝑓(𝑿)

𝜕𝑋𝑀,1

𝜕𝑓(𝑿)

𝜕𝑋1,2

𝜕𝑓(𝑿)

𝜕𝑋2,2
⋯

𝜕𝑓(𝑿)

𝜕𝑋𝑀,2

⋮ ⋮ ⋱ ⋮
𝜕𝑓(𝑿)

𝜕𝑋1,𝑁

𝜕𝑓(𝑿)

𝜕𝑋2,𝑁
⋯

𝜕𝑓(𝑿)

𝜕𝑋𝑀,𝑁

❑Using the above definitions, we can generalize the chain rule, Given 𝒖 = 𝒉(𝑥) (i.e. 𝒖 is 
a function of x) and 𝒈 is a vector function of 𝒖, the vector-by-vector chain rule 
states:

𝜕𝒈(𝒖)

𝜕𝒙
=
𝜕𝒖

𝜕𝒙

𝜕𝒈(𝒖)

𝜕𝒖



Scalar & Vectors
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❑ Board



Vectors & Vectors
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❑ Board



Derivative Definition

CE282: Linear Algebra Hamid R. Rabiee & Maryam Ramezani 18



Conclusion
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❑
𝜕(𝒖 𝒙 +𝒗 𝒙 )

𝜕𝒙
=

𝜕𝒖(𝒙)

𝜕𝑥
+

𝜕𝒗(𝒙)

𝜕𝒙

❑
𝜕(𝑨𝒙)

𝜕𝒙
= 𝑨

❑
𝜕(𝒙𝑇𝒂)

𝜕𝒙
= 𝒂𝑻

❑
𝜕(𝒙𝑇𝑨𝒙)

𝜕𝒙
= 𝒙𝑻 𝑨 + 𝑨𝑇

❑
𝜕(𝒙𝑇𝑨𝒙)

𝜕𝒙
= 2𝒙𝑇𝑨 if 𝑨 is symmetric

Try to proof the followings:



Hint!
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𝐴 Ԧ𝑥 =
𝑎1 𝑎2
𝑎3 𝑎4

𝑥1
𝑥2

=
𝑎1𝑥1 + 𝑎2𝑥2
𝑎3𝑥1 + 𝑎4𝑥2

𝑑𝐴 Ԧ𝑥

𝑑𝑥
=

𝜕(𝑎1𝑥1 + 𝑎2𝑥2)

𝜕𝑥1

𝜕(𝑎1𝑥1 + 𝑎2𝑥2)

𝜕𝑥2
𝜕(𝑎3𝑥1 + 𝑎4𝑥2)

𝜕𝑥1

𝜕(𝑎3𝑥1 + 𝑎4𝑥2)

𝜕𝑥2

=
𝑎1 𝑎2
𝑎3 𝑎4

= 𝐴



Conclusion
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Important

1. Derivative of a linear function:
𝜕

𝜕 Ԧ𝑥
Ԧ𝑎. Ԧ𝑥 =

𝜕

𝜕 Ԧ𝑥
Ԧ𝑎𝑇 Ԧ𝑥 =

𝜕

𝜕 Ԧ𝑥
Ԧ𝑥𝑇 Ԧ𝑎 = Ԧ𝑎𝑇

(If you think back to calculus, this is just like 
d

dx
ax = a).

2. Derivative of a quadratic function:
𝜕

𝜕𝑥
Ԧ𝑥𝑇𝐴 Ԧ𝑥 = 2𝐴 Ԧ𝑥

(Again, if you think back to calculus, this is just like 
d

dx
ax2 = 2ax).

If you ever need it, the more general rule (for non-symmetric A) is:
𝜕

𝜕𝑥
Ԧ𝑥𝑇𝐴 Ԧ𝑥 = 𝑥𝑇(𝐴 + 𝐴𝑇)

which of course is the same thing as 2𝐴 Ԧ𝑥 when A is symmetric.



Review
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Given 𝐴 = [𝑎𝑖𝑗] , the (𝑖, 𝑗)-cofactor of 𝐴 is the number 𝐶𝑖𝑗 given by

𝐶𝑖𝑗 = −1 𝑖+𝑗 det 𝐴𝑖𝑗

Then 

det 𝐴 = 𝑎11𝐶11 + 𝑎12𝐶12 +⋯+ 𝑎1𝑛𝐶1𝑛

Which is a cofactor expansion across the first row of 𝐴.

𝐴−1 =
1

𝐴

𝐶11 𝐶21 ⋯ 𝐶𝑛1
𝐶12 𝐶22 ⋯ 𝐶𝑛2
⋮ ⋮ ⋱ ⋮

𝐶1𝑛 𝐶2𝑛 ⋯ 𝐶𝑛𝑛

= 𝐴−1 =
1

𝐴
𝑎𝑑𝑗 𝐴

Adj A = C^T

The matrix of cofactors is called the adjugate (or classical adjoint) of 𝐴, denoted by adj 𝐴.



Good Examples!!!
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Proof the followings:

❑
𝝏 𝑨 𝒕

−𝟏

𝝏𝒕
= −𝑨(𝒕)−𝟏

𝝏(𝑨 𝒕 )

𝝏𝒕
𝑨(𝒕)−𝟏

❑
𝝏𝐝𝐞𝐭(𝑨)

𝝏𝑨
= 𝐝𝐞𝐭 𝑨 𝑨−𝟏

❑
𝜕ln(det 𝐴 )

𝜕𝐴
= 𝐴−1 𝑇

❑
𝜕det(𝐴(𝑡))

𝜕𝑡
= det 𝐴 𝑡𝑟𝑎𝑐𝑒(𝐴−1

𝜕(𝐴 𝑡 )

𝜕𝑡
)

❑
𝜕𝑡𝑟𝑎𝑐𝑒(𝐵𝐴−1)

𝜕𝐴
= −𝐴−1𝐵𝐴−1

❑
𝜕 𝑦𝑇𝐴𝑥

𝜕𝐴
= 𝑦𝑥𝑇

❑
𝜕 𝑥𝑇𝐴𝑥

𝜕𝐴
= 𝑥𝑥𝑇



Tensor (Optional)
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Tensor
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Definition

❑ Multi-dimensional array of numbers

w = torch.empty(3)
x = torch.empty(2, 3)
y = torch.empty(2, 3, 4)
z = torch.empty(2, 3, 2, 4)



Tensors Addition

❑ Adding tensors with same size

❑ Adding scalar to tensor

❑ Adding tensors with different size: if broacastable



Tensors Addition

❑ Two tensors are “broadcastable” if the following rules hold: 
o Each tensor has at least one dimension.

o When iterating over the dimension sizes, starting at the trailing 
dimension, the dimension sizes must either be equal, one of them is 1, 
or one of them does not exist.

❑ Example
o T1: (5,7,3) T2:(5,7,3)

o T1: (5,3,4,1) T2:(3,1,1)



Notes

❑ Matrix Product on tensors



Derivative of a vector with respect to a matrix
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Derivative of a matrix with respect to a matrix
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❑ Linear Algebra and Its Applications, David C. Lay

❑ Introduction to Applied Linear Algebra Vectors, Matrices, and 
Least Squares

❑ https://en.Wikipedia.org/wiki/matrix_calculus

❑ https://www.math.uwaterloo.ca/~hwolkowi/matrixcookbook.pdf

❑ https://www.kamperh.com/notes/kamper_matrixcalculus13.pdf

References
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